The complete Lipschitz-Hankel integrals (LHIs) include the Laplace transforms of the Bessel functions, multiplied by powers. Such Laplace transforms can be evaluated using associated Legendre functions. It is noted that there are errors in published versions of these evaluations, and a merged and emended list of seven transforms is given. Errata for standard reference works, such as the table of Gradshteyn and Ryzhik, are also given. Most of the errors are attributable to inconsistent normalization of the Legendre functions. These transforms can be viewed as limits of incomplete LHIs, which find application in communication theory.
Introduction
A complete Lipschitz-Hankel integral (LHI) is an integral transform of a product of one or more Bessel or cylindrical functions. The simplest such integrals are the Laplace transforms L{t ν C µ (t)}(s), where C µ = J µ , Y µ , I µ , K µ specifies a Bessel or modified Bessel function, of order µ. It has long been known that each of these Laplace transforms can be expressed in terms of an (associated) Legendre function [1, § 13.21] .
In published tables [2] [3] [4] and other reference works [1, 5] , erroneous evaluations of these integrals have been found; these are reported in § 4. Of the errors in [1] [2] [3] [4] [5] , most are attributable to inconsistent normalization of the Legendre functions; in particular, of the second Legendre function Q µ ν (z). None of [1] [2] [3] [4] [5] , and at least three other tables in which these integrals appear correctly [6] [7] [8] , includes a complete set of evaluations. But a complete set of seven can be assembled by merging transforms from different sources, emending as necessary. Such a set is supplied in Theorems 2.1 and 2.2 below.
These theorems may prove useful in verifying the entries in databases of definite integrals, and more generally in avoiding errors in symbolic computation. Of the seven transforms, (1) and (6) have recently been used in geometric analysis [9, § 8.8] , and (6) has been used in stochastic analysis [10] and path integration [11] . The others also have applications. Each is given here in a compact, trigonometrically parametrized form.
Incomplete LHIs (ILHIs), such as the incomplete integrals Ce ν,µ (T ; s) that have the Laplace transforms L{t ν C µ (t)}(s) as their T → ∞ limits, have recently been applied in electromagnetics [12] and communication theory [13] . In particular, Je ν,µ (T ; s) and Ie ν,µ (T ; s) have been applied. For comparison purposes, explicit expressions for L{t ν J µ (t)}(s) and L{t ν I µ (t)}(s) in terms of Legendre functions, not trigonometrically parametrized, are given in § 3. The transform L{t ν K µ (t)}(s) is also commented on.
Legendre functions as Laplace transforms
The Legendre functions of degree ν and order µ, which are solutions of the corresponding Legendre differential equation, include P 1) ; especially, in physical applications. In the absence of cuts, all these functions would be multivalued.
In the older English-language literature (e.g., [14] ), P were not typographically distinguished, and this remains true in a few recent works (e.g., [4] ). In the German literature (e.g., [6, 15] ), they are denoted by P , has historically been defined in three ways, differing only in normalization. The most recent (and perhaps the best) definition is that of the late FWJ Olver [16] . But for many decades, the standard definition in the literature has been that of EW Hobson [14] . There is also a definition originating with EW Barnes [17] , which is no longer used but was employed in at least two major works that are still consulted [1, 18] . The three definitions are related by
the subscript indicating the originator. In the NIST handbook [8] , the function of Olver is denoted by Q µ ν , the symbol Q µ ν being reserved for the standard (Hobson) function. But the Barnes function, when in use, was never distinguished typographically from that of Hobson. It should be noted that alternative definitions of P µ ν as well have been employed (e.g., in [19, 20] ). However, Q µ ν is the chief potential source of confusion. The following are the complete set of Laplace transforms, employing Hobson's nowstandard definition of Q µ ν . They are parametrized to agree with the circular-and hyperbolic-trigonometric versions given in [1] . (Except for [4] , the other cited works give unnormalized, non-trigonometric forms, but their forms easily reduce to the following.) Each identity has been checked by numerical quadrature.
The following identities hold, when θ ∈ (0, π/2) for (1) and (2), resp. ξ ∈ (0, ∞) for (3) and (4), and ξ ∈ R for (5).
It is assumed that the integrals converge, for which one needs Re(ν + µ) > −1 in (1) and (3), and Re(ν ± µ) > −1 in (2), (4) and (5).
The five identities of the theorem can be extended to the complex domain (see the cited references). Also, (3),(4) are equivalent to the following.
These two supplementary identities are obtained by rewriting the right sides of (3), (4) Of the seven Laplace transform evaluations listed in Theorems 2.1 and 2.2, the number appearing, in whatever form, in [1] , [2] , [3] , [6] , [5] , [21] , [7] , [8] , [4] is respectively 6,6,6,4,4,7,5,4,6. The number appearing incorrectly is respectively 1,4,2,0,1,0,0,0,3. (The ordering used here is chronological.) In some cases the right sides are given as expressions involving the Gauss hypergeometric function 2 F 1 , but can be rewritten using Legendre functions so as to agree with entries in the foregoing list.
The identities (1)-(4), in particular (1) and (3), are proved by series expansion and term-by-term integration; which is a procedure that can be traced to Hankel's 1875 proof of (1), and extended to more general integral transforms (see, e.g., [22] ). The most troublesome of them may be (2). Only in [5] is the Laplace transform of t ν Y µ (t) given in the form based on the second Ferrers function Q −µ ν that appears in (2) . In many works this transform is given as a combination of the Ferrers functions P µ ν , P −µ ν , but by standard Legendre identities [8, 16] this can be seen to be equivalent to (2) . The little-known evaluation (5) appears only in [6, 21] , where it is given correctly, in a non-trigonometric parametrization. (See p. 92, fourth equation down; resp. p. 151, eq. 1.15.16.)
It is evident from (1)-(4) that the interchange symmetry between the pairs P is not reflected in a symmetry between the pairs J µ , Y µ and I µ , K µ . The difficulty is the prefactor 2/π in (2): there is no such prefactor in (4). This asymmetry is attributable to the definition of the second modified Bessel function K µ , 'MacDonald's function,' which includes a factor equal to π/2. It has been suggested that using a differently normalized function Kh µ , equal to 2/π times K µ , would be more reasonable [23] .
(The 'h' is for Heaviside, who preferred this normalization.) Rewriting (4), (5) and (7) in terms of Kh µ would exhibit a symmetry between J µ , Y µ and I µ , Kh µ .
Some consequences
The incomplete Lipschitz-Hankel integral Ce ν,µ (T ; s), for C = J, Y, I, K, is defined for real s, when T > 0, by For comparison with previous work on ILHIs [5, 12, 13] , the following expressions for L{t ν C µ (t)}(s) with C = J, I, K may be useful. They are non-trigonometric versions of (1), (3), (5), (7), respectively, and none involves the troublesome functions
The conditions on ν, µ for convergence are as stated. The standard reference on ILHIs [5] includes versions of (9) and (10) . But as is noted in § 4 below, its version of (10) includes an erroneous −(2/π) factor. Also, the Laplace transform of t ν K µ (t) given in [5] is valid only when s ∈ (1, ∞); and involving Q −µ ν rather than P −ν−1/2 µ−1/2 , it is a non-trigonometric version not of (7), but rather of (4) . The duality between the expressions for L{t ν K µ (t)}(s) on s ∈ (−1, 1) and s ∈ (1, ∞), evident in (11), deserves to be better known. The value at s = 1 must be supplied separately.
Proposition 3.1 At s = 1, the Laplace transform of t ν K µ (t) is given by
where one needs Re(ν ± µ) > −1 for convergence.
This comes from (11) by considering the asymptotic behavior of P
µ−1/2 (s) as s → 1 + , which are well known [16] . Viewed as a function of ν, the right side of (12) is the Mellin transform of e −t K µ (t), and it has been tabulated as such [2, eq. 6.8(28)].
Table errata
The following are the errata. None seems to have been previously reported, though the incompatibility between the definitions used in [1, 4] has been noted [10] . (1), (2), (3), (4), (6), (7) appear as eqs. (3), (4), (1), (2), (6), (7) . But in eq. (4), the factors e (1), (2), (3), (4), (6), (7) In 4.14(9), P ν µ should be read as P ν µ , making the identity consistent with (1). In 4.14(28), P ν µ , P −ν µ should be read as P ν µ , P −ν µ . It follows from the expressions for the second Ferrers function in [16, § 5.15 ] that these changes yield consistency with (2).
In 4.16(28), the sine factors in numerator and denominator should be deleted, and Q ν µ should be read as e νπi Q ν µ . In 4.16 (9) , the sine factors should be deleted, and Q µ ν should be read as e µπi Q µ ν . With these emendations, 4.16(28),4.16(9) will agree with the identities (4), (6) . As they stand, they inconsistently employ the Barnes and not the Hobson definition; they may have been taken from [1] . The corresponding inverse Laplace transforms, 5.13(9) and 5.13(3) on pp. 270-271, should be emended similarly.
It has been found that there are many entries in these tables, besides 4.14(9) and 4.14(28), in which Legendre functions are typographically confused. A list is available from the present author. Also, in eqs. (5.4),(5.5), the representations given for Legendre functions in terms of the Gauss hypergeometric function F = 2 F 1 are incorrect: they should be replaced by the representations given in [8, 16] .
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